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In this letter we study aspects of the holographic superconductors analytically in the presence of
a constant external magnetic field. We show that the critical temperature and critical magnetic field
can be calculated at nonzero temperature. We detect the Meissner effect in such superconductors.
A universal relation between black hole mass M and critical magnetic field Hc is proposed as
Hc
M2/3
≤ 0.687365. We discuss some aspects of phase transition in terms of black hole entropy and
the Bekenstein’s entropy to energy upper bound.
PACS numbers: 74.62.Bf; 74.25.Ha;11.25.Tq; 44.05.+e
High temperature superconductors are phases of the
matter which are quite conductive at temperature close
to T ∼ 138oK. It was proven that such superconductors
could be described using a gauge / gravity duality (for
a quick review see [1]). The gauge/gravity mechanism is
based on a one-to-one correspondence between the exact
black hole solutions of a gravitational model on a Rie-
mannian curved manifold of spacetime with a negative
cosmological constant and a conformal quantum theory
(in flat space-time)[2]. In quantum picture, the quantum
objects are relevant quantum operators and the physical
quantities are totally renormalizable.
All these quantum objects live on a flat spacetime
(boundary). If we assume that the blackhole horizon
is thermal at temperature TBH and the CFT has an as-
sociated nonzero temperature TCFT , then it is possible
to consider two systems in thermodynamic equilibrium.
It means that TBH = TCFT . This duality backs to the
Maldacena’s conjecture in string theory as follows:
Maldacena conjecture [3]: Type IIB of superstring the-
ory in bulk with AdS5×S5 geometry is dual, to a specific
gauge theory, N = 4, SU(Nc) super-Yang-Mills theory
(SYM) in four dimensions.
Another alternative name for this conjecture is Anti-de
Sitter/conformal field theory (AdS/CFT) . It is proven
that this conjecture plays an important role to describe
the high temperature superconductor (for earlier works
see [4]-[9]). Following the basic logic of gauge/gravity, we
need to have a one -to- one correspondence between each
dynamical quantity of the superconductor (temperature
and condensation of the order parameter) and a set of the
parameters for black hole. Depending on the speciefic
type of condensation,the different types of holographic
superconductors were considered by several authors [10]-
[43]. In the high temperature material the superconduc-
tivity is a function of the critical value of magnetic field
and the subject was studied in several papers [44]-[58].
The Meissner effect was investigated by analytical and
numerical methods while the external magnetic field was
made some important effects on the basic parameters of
superconductor [45]-[48].
In this paper we investigate analytically the effect of
a constant external magnetic field on the critical tem-
perature of a type s superconductor. Holographic super-
conductors with constant external magnetic field quite
were studied by the other authors. Especially in [49], a
hairy numerical solution was found for any value of ex-
ternal magnetic field H in range 0 ≤ H ≤ Hmax, where
the Hmax = 0.687365. The significant observation in the
value of H was that the critical temperature Tc in pres-
ence of a magnetic field vanishes when H approaches the
critical value Hc = Hmax.
In this work we revisit analytically the basic properties
of such hairy black hole solutions. We will treat the equa-
tions of motion as a system of coupled nonlinear differ-
ential equations which can be reduced to an eigenvalue-
eigenfunction problem near the criticality T = Tc. We
show that it is possible to find semi-exact solutions for
equations approximately near the critical point. Using
these semi-exact solutions we obtain critical temperature
and maximum of external magnetic field. The appear-
ance of conformal dimensions and uniqueness of the ex-
pectation values of the dual CFT operators are verified.
We observe that for a typical mass of the black hole (M),
there is an upper bound for the external magnetic field
and the size of thermal horizon (in critical point) . Conse-
quently we show that this maximum size of horizon leads
to a maximum value of the critical temperature. We com-
pute the difference of specific heat between normal and
superconducting phases we investigate the stability is-
sue. We prove that such superconductors remain stable.
In order to make a holographic model for a high tempera-
ture superconductor we need to introduce an appropriate
gravitational sector that is written in the ”GOD given”
units as follows: [5]):
Lg = R− 6
L2
− 1
4
FµνFµν . (1)
Where R is the Ricci scalar, L is AdS length, Aµ is
gauge field and Fµν = ∂µAν − ∂νAµ. If only one ex-
ternal constant magnetic field H is present, the non zero
components of the Fµν tensor are given by Fxy =
H
r2 .
2We consider an imaginary sphere with radius r. We get
the total energy density stored in itFµνF
µν ∼ H2. The
gravitational field solution is a magnetized Schwarzschild
Anti-de Sitter (SAdS) black hole in planar coordinates
(t, r, x, y)[50] :
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dx2 + dy2), (2)
f(r) ≡ f = r2 − M
r
+
H2
r2
.
The black hole has a horizon which is real solution of
the equation f(r+) = 0. The function f ≡ f(r) can be
rewritten as follows:
f = r2 − r
3
+
r
− H
2
rr+
+
H2
r2
. (3)
The temperature of the black hole is defined by:
T =
f ′(r+)
4π
=
r+(3− h2)
4π
(4)
We define the dimensionless magnetic field as h2 = H
2
r4
+
and now we have built fully gravitational sector. For
matter sector we use a Lagrangian similar to Ginzburg-
Landau (GL) which it includs a Maxwell field A = Aµ
and a charged complex scalar field ψ [51, 52]:
Lm = −1
q
(1
4
F abFab +m
2|ψ|2 + |∇ψ − iAψ|2
)
. (5)
Note that the (5) is different from the original GL the-
ory, firstly, the mass term is negative m2ψ < 0 secondly,
there is no potential term |ψ|4 here. For stabilization we
need an AdS bulk geometry. Our guess is that a phys-
ical mechanism like Higgs mechanism launched in the
region outside of the horizon[51]. Due to the symme-
try of the metric and gauge freedom we set At = φ(r) ,
ψ∗(r) = ψ(r). So,the equations of motion may be recast
to the following forms :
gµν(∇µ − iAµ)(∇ν − iAν)ψ −m2ψ = 0. (6)
∇µFµν = i(ψ∗∇νψ − ψ∇νψ∗) + |ψ|2Aν . (7)
The equations of motion are written as follows in case of
metric (2) :
ψ′′ + (
f ′
f
+
2
r
)ψ′ +
φ2
f2
ψ − m
2
f
ψ = 0,
φ′′ +
2
r
φ′ − 2ψ
2
f
φ = 0 (8)
We put L = 1 and note that the mass of a scalar field is
m2 > m2BF = − 94 .
It is convenient to rewrite the equations in terms of
dimensionless coordinate z = r+r
ψ′′(z) +
f ′
f
ψ′(z) +
r2+
z4
(φ(z)2
f(z)2
− m
2
f(z)
)
ψ(z) = 0,(9)
φ′′(z) +
m2r2+ψ(z)
2
z4f(z)
φ(z) = 0, (10)
Now the metric function is f ≡ f(z) = r2+(z−2 − h2z −
z + h2z2).
We would like to find the solutions of nonlinear equa-
tions (9,10) . For {φ, ψ}, Eqs. (9,10) can be solved as:
φ(z) = φ0(z)−m2r2+
∫ z
0
(z − w)ψ2(w)φ(w)dw
w4f(w)
(11)
ψ(z) = ψ+(z) + ψ−(z) (12)
+
(
− ψ+(z)
∫
ψ−(z)p(z)
W (ψ+(z), ψ−(z))dz
+ψ−(z)
∫
ψ+(z)p(z)
W (ψ+(z), ψ−(z))dz
)
.
In which :
d2
dz2
{φ0(z)} = 0, { d
2
dz2
+
f ′
f
d
dz
− m
2r2+
z4f(z)
}ψ±(z) = 0,(13)
p(z) = −r
2
+ψ(z)
z4
φ(z)2
f(z)2
, (14)
W (ψ+, ψ−) = ψ+(ψ−)′ − ψ−(ψ+)′. (15)
The AdS/CFT mechanism is focused on the behavior of
the fields at the AdS boundary, i.e. z = 0, when f ∼
r2+z
−2, we are able to approximate solutions to (9,10) :
φ0(z) = c0 + c1z, ψ
±(z) = c±z
∆± . (16)
here the conformal dimension is ∆± =
3
2±
√
m2 + 94 . At
this precise expression, c± =
<O±>
r
∆±
+
. We conclude that
precise form of the Wronskian is:
W (ψ+(z), ψ−(z)) = −
(
2c+c−
√
m2 +
9
4
)
z2. (17)
We need to estimate the following pair of integrals:
I1 =
∫ z
0
(z − w)ψ2(w)φ(w)dw
w4f(w)
, I± =
∫
ψ±(z)p(z)dz
W (ψ+(z), ψ−(z))
.(18)
following the above information we know that:
p(z)|z=0 ∼ −r−2+ c±z∆±c20.
Thus we have:
I± = A± × z2±2
√
m2+ 9
4 . (19)
The most common technique for obtaining precise infor-
mation about the form of solutions within an interval
z ∈ [0, 1] is to evaluate ψz=0:
ψ = c+z
∆+ + c−z
∆− +
(
c−A+ × z 72+
√
m2+ 9
4 (20)
−c+A− × z 72−
√
m2+ 9
4
)
.
May integral I1 can be adequately approximated by an
additive integration whose output is a sum over several
3smaller dimensional expressions:
I1 =
∫ z (z − w)ψ2(w)φ(w)dw
w4f(w)
= (21)
z{ψ
2(w)φ(w)
w4f(w)
}|z=ǫ − {wψ
2(w)φ(w)
w4f(w)
}w=ǫ, ǫ ∼ 0.
We placed the three expressions individually and was fi-
nally able to write I1:
I1 = α0z + β0. (22)
In which α0 =
(c±)
2c0ǫ
2∆±−2
r2
+
, β0 =
(c±)
2c0ǫ
2∆±−1
r2
+
. By
collecting results from the past, the solution gives shape
to the forms of fields in vicinity of AdS boundary :
φ(z) = µ− ρ
r+
z, ψ(z) =
< O+ >
r
∆+
+
z∆+
Moreover, our attempts to establish the form of solu-
tions in the vicinity of the AdS boundary was also fruit-
less.
The quantization of the relevant operators has been
investigated and in some cases a very good agreement
with CFT results was found O− = 0⇒ c− = 0. Here O+
is an operator of dimension ∆+ in dual field theory and
< O+ > corresponds to the vacuum expectation value of
it. We will introduce a set of the boundary conditions
[51, 52]:
φ(1) = 0, (h2 − 3)ψ′(1) = m2ψ(1). (23)
Best advice is to use continuously and to always ex-
pand the fields somewhere in the AdS boundary and
horizon [54]. Conventional computing method only pro-
vide facilities for exact matching, a more adaptive ap-
proach is required in order to support numerical aggre-
gation. Both fields smoothly across a surface with loca-
tion z = zm ∈ [0, 1] [55]-[58]. We conclude that precise
evaluation of expectation values of relevant operators is
required for proper integration of actin into counters:
< O± >
r
∆±
+
=
1
2πi
∮
γ
ψ(t)dt
t∆±+1
(24)
The vacuum expectation values of relevant operators are
shown on the boundary, but no bulk term. At finite
temperature we have h 6= √3. The analytical solutions
in the AdS sector, in the vicinity of z = 0, computed
temporally as follows:
φ(z) = a
[
(1− z)− m
2r+b
2
8πT
(1 − z)2
]
, (25)
ψ(z) = b
[
1− m
2
h2 − 3(1− z) (26)
+
(1− z)2
2
(
− a
2
32π2T 2
+
3m2(1− h2)
(h2 − 3)2
)]
here a = −φ′(1), b = ψ(1). The process by which one ob-
tains coefficents from equations of motion in the presence
of boundaries z = 0, z = 1 is called matching method:
a(
1
2
− 1
32
m2r+b
2
π T
) = µ− ρ
2r+
, (27)
b
(
1− 1
2
m2
h2 − 3 −
1
256
a2
π2T 2
+
3
8
m2(1− h2)2
(h2 − 3)2)
)
(28)
=
< O+ > (12 )∆
r+∆
.
a
(
− 1 + 1
8
m2r+b
2
π T
)
= − ρ
r+
, (29)
b
( m2
h2 − 3 +
1
64
a2
π2T 2
− 3
2
m2(1− h2)2
(h2 − 3)2
)
= (30)
2∆ < O+ > (12 )∆
r+∆
.
For the comparison of analytical with numerical result
[61], relative value m2 = −2 were used. This system
(27,29) gives us:
a = 4µ− 3ρ
r+
, b2 =
8πT
m2
[1
r+
− ρ
ar2+
]
(31)
⇒ ar+c = ρ⇔< O+ > |r+→r+c = 0
According to the definition of dual quantities, we know
that:
r+c =
ρ
µ
⇒ r4+c −Mr+c +H2c = 0.
In critical mode, the definition of critical temperature is
given, followed by the abbreviation in parentheses:
Tc =
3r4+c −H2c
4πr3+c
(32)
Equally, it is clear that the elimination of r+c in Tc will
lead to :
256Tc
4π4Hc
4 + 96Tc
2π2M2Hc
2 − 27M4 (33)
+64Tc
3π3M3 + 256Hc
6 = 0.
Tc(H) and Hc in (32) or (34) are defined as a critical
point in the presence of external magnetic field and crit-
ical magnetic field that turns the superconducting state
into a normal state below the Tc0 =
4πr+c0
3 (with no mag-
netic field). The maximum of magnetic field HMax is ob-
tained at the minimum critical temperature Tc(H) = 0,
hence to obtain the maximum magnetic field HMax, we
simply let the temperature in (34) vanish and obtain:
HMax
M2/3
=
6
√
27
256
= 0.687365. (34)
which is exactly the numerical result of [49].
4We analyze the pair (Hc, Tc) carefully. First when
there is no magnetic field H = 0, horizon size tends to-
wards zero r+ = 0. It is also worth remembering that
there was famous the entropy of black hole which became
simple in our case:
S =
πr2+
l2p
We know S ≥ 0. At normal phase, where there is no
entropy , this time external magnetic field disappears al-
together. Thus from S we see that the entropy change
of a system during for a normal process is zero. An ex-
ample of its success is in determining the normal phase
of a holographic superconductor. Things tend to move
toward disorder we think its called second order phase
transition from normal to superconducting phase. For
enough large external magnetic field, equilibration oc-
curs initially at large values of Hc and proceeds away
from the Bekenstein’s entropy bound SE < 2πR [59]. We
showed how gravitational entropy can be defined in gen-
eral for holographic superconductor. Does the critical
system tend toward the maximum of entropy production
and maximum Hc?. The answer is yes. If it becomes
more disordered(superconducting), its entropy and Hc
increase. External magnetic field Hc maximum property
derived from Bekenstein’s entropy bound principle. We
listed HMax, rcMax for different values of masses in the
following Table:
Mass (M) 0.7 0.5 0.3
HMax ≃ 0.3 ≃ 0.4 ≃ 0.5
rMaxc ∈ [0.6, 0.7] ∈ [0.7, 0.8] ∈ [0.8, 0.9]
The adjacency (Hc, Tc) of this magnetized supercon-
ductor initially located at the top of the Tc then describes
the result of the critical magnetization. This behavior
clearly displays higher levels of Hc in holographic rather
than the mass of the black hole in each case. This anal-
ysis shows how the mass M builds to a critical magnetic
field Hc, then rapidly falls. No direct stress is applied
against the initial external magnetic field Hc. This re-
sult provides data on the occurrence of critical magnetic
field Hc in holographic superconductor from 0 to H
Max
c .
You may increase or decrease the the critical magnetic
field Hc simply by decreasing or extending the the crit-
ical temperature Tc, or by increasing or decreasing the
amount of starter Hc to the H
Max
c . The results obtained
were consistent and showed a strong dependence on the
the critical magnetic field Hc. The results of Hc using
analytical method were consistent with the observations
of the figure II of [60, 61]. With the increase in M and
Hc the amount of T
Max increases.
The following table indicates the variability of
(M,HMaxc , T
Max
c ).
Mass (M) 0.3 0.5 0.7
HMax 0.3 ≃ 0.42 ≃ 0.55
TMaxc ≃ 0.16 ≃ 0.18 ≃ 0.21
To complete the discussion of the thermodynamic
point of view, we refer to the Rutgers formula. This
formula indicates the discontinuity in specific heat and it
shows the difference between specific heat of pure metals
at the critical temperature in the superconducting and
normal phase[62, 63]:
∆C = Csuperconducting− Cnormal (35)
= µ0T
(
Hc(T )
d2Hc(T )
dT 2
+
[dHc(T )
dT
]2)
.
At the critical temperature Tc0 that is the critical point
in the absence of external magnetic field, and Hc(Tc0) =
0, therefore, the first term in the Rutgers formula (36)
vanishes and becomes the form of :
∆C = µ0T
[dHc(T )
dT
]2
. (36)
From the Rutgers formula (36) at the critical point, one
can apparently observe that, ∆C must be positive. It
is adequate to study the system after an infinitesimal
deviation from the Universal bound, when Hc = M
2/3u−
δHc we obtain:
δ(∆C) = ∆C|Hc=M2/3u −∆C|Hc=M2/3u−δHc > 0.(37)
So the system is stable under this bound. We note that
the phase transition was studied here is type I to type
II. The reason is that under the magnetic field Hc there
is Meissner effect. When the magnetic field H becomes
stronger, we will observe the quantized vortices. The re-
sults show a rapid increase in Hc in the superconducting
phase and the more H increase through the the normal
phase system. Finally we note that the case of T = 0
which is equal to h =
√
3 in reference [61] were studied
and here is not checked. Holographic superconductors
are gravitational analogy of high temperature supercon-
ductors in condensed matter physics. Fundamental prop-
erties of this class of superconductors can be simulated
to the properties of a black hole in the gravitational sec-
tor in this model. In this paper we reviewed the effect
of a constant external magnetic field on a superconduc-
tor type s were. We showed that the matching method
can give a critical magnetic field and critical tempera-
ture in non-zero temperature. The study of the behav-
ior of the critical temperature and critical magnetic field
has shown that with increasing critical magnetic field the
critical temperature decreases and approaches to zero at
a maximum magnetic field. We have also shown that the
superconducting state is consistent with the existence of
a thermodynamic state with maximal entropy. Universal
relation between the magnetic field for Hc and the mass
of black hole M is as follow Hc
M2/3
≤ 6
√
27
256 = 0.687365.
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